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ON BOATTAIL BODIES OF REVOLUTION HAVING MINIMUM WAVE DRAG 1 


By Keith C. Harder and Conrad Rbnnemann, Jr* 


SUMMARY 

The 'problem of determining the shape of slender boattail 
bodies of revolution for minimum wave drag has been reex- 
amined, It was found that minimum solutions for Ward's 
slender-body drag equation can exist only for the restricted 
class of bodies for which the rate of change of crosssectional 
area at the base is zero. In order to eliminate this restriction , 
certain higher order terms must be retained in the drag equation 
and isoperimetric relations. The minimum problem for the 
isoperimetric conditions of given lengthy volume y and base area 
is treated as an example. According to Ward's drag equation, 
the resulting body shapes have slightly less drag than those 
determined by previous investigators. 

INTRODUCTION 

An approximate expression for the wave drag of slender 
bodies of revolution having zero rate of change of cross- 
sectional area at the base was first given by Von K&rmdn 
(ref. 1). By using this expression, together with the calculus 
of variations, several investigators (refs. 1 to 3) have deter- 
mined minimum-wave-drag bodies for various isoperimetric 
conditions. Later, Ward (ref. 4) derived the slender-body 
approximation for the drag of bodies with a nonzero rate of 
change of cross-sectional area at the base. 

In reference 5, Adams considered several minimum-wave- 
drag problems on the basis of Ward's equation. In each case 
he concluded that the minimum-drag body had zero slope 
at the base. This conclusion implied that the minimum 
shapes for Ward's equation are the same as those for Von 
Kiirmfin's. Recently, Parker (ref. 6) presented a different 
expression for the wave drag of slender bodies and showed 
that the optimum body having given length and base area 
has a finite slope at the base. Clearly, this result is not in 
agreement with that obtained by Adams. 

In the present report, the problem of determining 
minimum-drag boattail bodies of revolution on the basis of 
linear theory is reexamined with particular emphasis on the 
choice of drag equation, isoperimetric relations, and method 
of calculating the body shape. The minimum problem for 
the isoperimetric conditions of given length, volume, and 
base area is treated as an example. 


DISCUSSION OF MINIMUM- WAVE-DRAG PROBLEM 

Within the approximations of linear theory, the supersonic 
flow past slender bodies of revolution can be represented by 
a distribution of sources along the axis of the body. The 
wave drag D of the body may be related to the source 
distribution (ref. 1) by 

^=-/ o J o /'(*)/'(© \og,\x-t\dx<% (1) 

provided the source distribution f(x) is zero at the nose and 
the base (i. e., /(0) =/(£)= 0) where p is the stream density 
and U is the stream velocity. The coordinate system is 
shown in the following sketch: 


r 



In the slender-body approximation, the source strength is 
related to the body cross-sectional-area distribution A(x) by 

/ (x)—^=2irB(x)R'(x) (2) 

and the restriction that/(Z)=0 implies that either the body 
is closed (7? (Z) = 0) or that the body has zero slope at the 
base (R'(Z)= 0). 

Several investigators (refs. 1 to 3) have determined mini- 
mum-wave-drag bodies for various isoperimetric conditions 
by applying the calculus of variations to equation (1). 
However, as a result of the restriction that /( Z)=0, these 
shapes can be considered optimum only for the restricted 
class of bodies having zero rate of change of cross-sectional 
area at the base. 


i Supersedes NAOA Technical Not© 3478 by Keith O. Harder and Conrad Rennemann, Jr., 1966. 
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WARD’S DRAG EQUATION 

An equation which does not have the restriction that 
/ (Z) = 0 was proposed by Ward (ref. 4) on the basis of slender- 
body theory as 

iog.i*-£i*£ a{+ 

2 log .d-w-m log. ® (3) 


where 0=VM 2 — 1 and M is the Mach number. The source 
strength is again related to the body geometry by equa- 
tion (2). 

The problem of determining the source distribution which 
minimizes the drag given by equation (3) for given isoperi- 
metric conditions without specifying the value of f(l) at the 
outset is a variable end-point problem of the calculus of 
variations. In appendix A this problem is considered for 
a general type of isoperimetric condition where it is shown 
that, if a mathematical minimum exists, it satisfies the con- 
dition /(Z)=0. The significance of the mathematical solu- 
tion obtained by the variational procedure warrants further 
consideration since the variational procedure assumes the 
existence of a solution at the outset and, consequently, can 
lead only to necessary conditions for the attainment of an 
extremum. Three mutually exclusive possibilities must be 
considered: 

(1) A minimum for Ward's equation exists for the class 
of bodies having all values of the slope at the base and 
satisfies the condition /(Z)=0. . 

(2) A minimum for Ward's equation exists only for the 
restricted class of bodies for which /(Z)=0. 

(3) No minimum exists for Ward's equation. 

A single example, not satisfying the condition /(Z)=0 but 
having less drag than the shape obtained by the variational 
procedure, is sufficient to eliminate the first possibility. 
Perhaps the simplest example is the cone which, for given 
length and base area, has less drag than the variational min- 

R(D 

imum (Von Kdrm&n's ogive) for 0.164. However, 

a more illuminating example is given by the body 

A.(x)= — — ["aH-fZ'— a^log, ("l— t?Y| (O^x^l) (4) 

Z+e log. ji ^ V LJA 


where A(l) is the base area, Z'=Z+e, and e is a parameter 
related to the slope at the base 7?'(Z) by 


R'(l) 


2 


R(l) log.-j 
(z+elog e y?) 


For this body, Ward's equation (eq. (3)) gives the result that, 
for small €, 



which approaches minus infinity as e approaches zero; that is, 
as the slope and curvature at the base both approach infinity. 
(The mathematical symbol 0{ ) denotes the order of a func- 
tion.) The body shape for €=0 is shown in the following 
sketch : 



In order to decide between* the second and third possibil- 
ities, it would be necessary to prove the existence or non- 
existence of a minimum solution for Von Kdrm&n's drag 
equation (eq. (1)). Such a study is beyond the scope of the 
present report; however, it should be noted that the min- 
imum solutions obtained for Von Kdrm&n's equation have 
provided a useful guide in the search for low-drag shapes. 
It is in this same vein that, later in the report, minimum 
problems are considered on the basis of a different drag 
equation. Since existence proofs are not attempted, the 
most that can be claimed is that, if a solution exists, it must 
have a certain mathematical form. However, in order to 
avoid the repetition of this qualifying remark in the remainder 
of the report, solutions obtained by the calculus of variations 
are referred to as minimum solutions. 

The problem under discussion has been previously consid- 
ered by Adams (ref. 5) who correctly determined the neces- 
sary conditions for a minimum. His interpretation of these 
conditions was that the optimum boattail body has zero rate 
of change of cross-sectional area at the base. However, the 
proper interpretation is that, if a minimum exists, it exists 
only for the restricted class of bodies having zero rate of 
change of cross-sectional area at the base. 
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PARKER’S DRAG EQUATION 


From the preceding discussion, it is clear that Ward's drag 
equation (eq. (3)) cannot be used to determine minimum- 
drag boattail bodies. 2 Parker (ref. 6) has shown that applica- 
tion of the calculus of variations to the drag equation 


4 t d 

WJo Jo 


/'(f)/'(z) cosh- 1 




| dxd£ 
( 5 ) 


which he obtained on the basis of linear theory, yields a 
minimum without the restriction that/(Z)=0 for the isoperi- 
metric conditions of given length and base area. The body 
shape so determined has a finite slope at the base and less 
drag than the mathematical minimum for equation (3). 

Equation (5) contains some higher order terms which are 
not included in the slender-body approximation to the drag 
(eq. (3)) since Parker did not make the slender-body approxi- 
mation to the velocity potential in the derivation. Appar- 
ently, the additional terms are necessary in order to obtain 
minimum-drag shapes without the restriction that/(Z)=0. 
However, it should not be inferred that equation (5) neces- 
sarily gives a better estimate of the drag of bodies satisfying 
the assumptions of slender-body theory than equation (3). 
Lighthill (ref. 8) has shown that the slender-body equations 
(eqs. (2) and (3)) are fully as accurate as the linearized dif- 
ferential equations of motion for sufficiently smooth bodies. 
Consequently, the slender-body results are theoretically 
equivalent to those obtained without making the slender- 
body approximation. 


ISOPERIMETRIC CONDITIONS 

The isoperimetric conditions most commonly considered 
have been those of fixed length, volume, and base area. In 
order to carry out the mathematical details of determining 
the source strength which minimizes the drag, the isoperi- 
metric conditions must be directly related to the source 
strength. The simplest relations would appeal* to be those 
given by slender-body theory. However, in order to carry 
out the analysis on the basis of Parker's equation, certain 
higher order terms must be retained in the isoperimetric 
relations. In particular, the limits of integration in the 
isoperimetric relations must be the same as those in the drag 
equation. Furthermore, the analysis can sometimes be 
simplified by including certain additional higher order terms 
in the integrahd of the isoperimetric relations. 

The relation between the isoperimetric conditions and 
source strength used in the example to be treated in the 
present report is obtained by approximately satisfying the 
boundary conditions on a cone passing through the nose 

* Essentially tho same arguments can be used to show that LIghthUl’s drag equation (ref. 
7), which was derived for slender shapes with discontinuities In slope, cannot be used to 
determine minimum-drag bodies with corners. 


and base. The linear-theory expression for A'(x) is 



V(x-£) s -|SV 


( 6 ) 


where r is on the body surface. Equation (6) is approxi- 
mately satisfied by evaluating the integral on tho cone 

r=R(T) j- Then, 


A'(x) > 






■yjix-tf-t 


l 1 r 


( 7 ) 


R(V) 

from which, with $=/S 


and 

Ad ) « a ~ J) f'M-ty-dH* (8) 

where use has been made of the condition /(0)=0. Simi- 
larly, the volume V is given approximately by 

(l-Qf'Ml-tf-W (9) 


In the derivation of equations (8) and (9) from equation (7), 
terms of the order of S^ogjS have been neglected. The 
slender-body approximation to the isoperimetric relations 
is obtained by equating 5 to zero in equations (8) and (9). 


CALCULATION OP BODY SHAPE 

When the calculus of variations is applied to the drag 
equation and isoperimetric relations, the resulting source 
strength for minimum drag contains several constants to 
be determined from the isoperimetric conditions. The* 
calculation of these constants and the body shape can be 
treated independently of the minimization process. 

Since higher order terms have been retained in the drag 
equation and isoperimetric relations, the question arises 
as to whether similar terms should be retained in the body- 
shape calculation. Theoretically, the inclusion of these 
terms does not affect the accuracy of the result for shapes 
satisfying the assumptions of slender-body theory. Even 
so, it is interesting to compare the various body shapes 
obtained from the source distribution 


do) 

found by Parker to give minimum drag for the isoperimetric 
conditions of given length and base area. In equation (10), 
K t is a constant to be determined from the isoperimetric 
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conditions. The numerical value of K depends on the method 
used to calculate the body shape. 

Parker calculated the body shape from this source distri- 
bution without making the slender-body approximation by 
numerically solving the integral equation 

*B*(*)= £ _/UI< V (9 VFFTO ds (11) 

The body shape calculated from equation (10) by means of 
the slender-body expression A'(x)=f( as) is 

A(x)= 2(U-cy U^+oos-H-tj} (-1 gt&c) ( 12 ) 
where , 

x 1+t Kl a A(l) , l-pR(I) 

l~l+c 2(l+c) s “ c 7i=^ +cos -i (_ C )’ ana c ~i+mi) 


When the expression A'(x) =f(xYia altered to take partially 
into account the fact that a given point on the body is 
influenced only by sources in the upstream Mach cone by 
equating 




(13) 


the body shape is given by 


A(x) 

where 


and 


7277- 

[< v i^F+cos- 1 (-*)] (-l^2c-l) 

(14) 



RK AM 

4c(l+c) 2(2c— 1) V^l-^+cos" 1 (1— 2c) 


The body shapes calculated by means of equations (11), 
(12), and (14) for ft =0.2 are compared in figure 1. The 
differences between the shapes are small even for this rather 
large value of ft ■ • For smaller values of ft-— -4 the differ- 

R(D 

ences are even less and the shapes become coincident as 
approaches zero. Similar body-shape 'calculations based on 



Figure 1. — Comparison of body shapes calculated from source ditrsi- 
bution given by equation (10) by various methods for £^“=0.2. 


equations (2) and (13) for the source strength that is derived 
in the example (fixed volume, length', and base area) were 

performed for /3 ^^=0.05 and several values of fP j$) where 

V is the volume. This comparison is not presented since the 
body shapes obtained by the two methods are almost iden- 
tical. Evidently, the difference in body shape is appreciable 
only for shapes that cannot be considered slender. Conse- 
quently, the simpler slender-body relation is preferable. 

The discussion concerning the inclusion of higher order 
terms is briefly summarized as follows: Higher order terms 
must be retained in the drag equation in order to obtain the 
minimum-drag boattail body; having done this, higher order 
terms must also be retained in the isoperimetric relations in 
order to perform the analysis. Once the source strength for 
minimum drag has been determined within several unde- 
termined constants, higher order terms need not be retained 
in the calculation of the shape and drag of bodies satisfying 
the assumptions of slender-body theory. 

PROBLEM OF LENGTH, VOLUME, AND BASE AREA 

The problem of determining the body shape that gives 
minimum wave drag for fixed length, volume, and base area 
is treated in order to illustrate the ideas developed in the 
preceding sections. The minimum-drag body having given 
length and base area or given length and volume can be 
obtained as special cases of the problem under consideration. 

The source distribution for minimum drag is obtained by 
applying the calculus of variations to equations (5), (8), 
and (9), and as shown in appendix B, this leads to the source 
distribution 

/(Q=(a+6QVJ[i~f+^f2(Ol (15) 

where a and b are constants to be determined from the 
isoperimetric conditions. 

As discussed in the previous section, the body shape is 
determined on the basis of the slender-body equations. 
Integration of A ' (x)=f(x) gives 

A{ - X)= <rh? {f r^+cos- (-*)]-§ a 

(-l^i^c) (16) 

where 

x l+t _l-pR(l) „ _1+PR(1) , 

Z“l+c c l+0R(l) 2 . 0 

and 

A=a+ l+ ^ b 
The base area is given by 

A ® = (IT^ {f 1‘Vi^+cos- 1 (-c)]-f (1-cT 4 } (17) 

The volume is obtained from equation (16) as 

y~m b? -K' cos "' <-°>+vi=?-| 

f [f 'l-A^+tVl^At-cos- 1 <-»)]} (18) 
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Equation (16) for A(x) (with the use of eqs. (17) and (18)) 
reduces to the minimum-drag body shape given by Haack 
(ref. 3) and Adams (ref. 5) when c=l. In this case, A(x) 
is given by 

A (3)=^ [tVl^+cos- 1 (~t)]+ 

7 r 


^[^-A(Z)].(l-<r*(-l^^l) (19) 

where 

x 1~\- 1 

T~~2~ 

This body was obtained by Haack on the basis of Yon 
KurmAn's drag equation (eq. (1)) and by Adams on the 
basis of Ward's drag equation and is referred to in the 
remainder of the report as the Haack-Adams body. 

The constants A and B in the equation for the body 
shape (eq. (16) ) are determined from equations (17) and 
(18) in terms of Z, 0, i?(Z), and V. The solution may be 
expressed as 

/S ?A=A 1 -A 1 p*¥ (20) 

and 

J J5 (21) 

where Ai, At, B lt and B 2 are functions of j9 — ~ Values of 

A\ } A 2) El, and B% are given in table I for values of p — ^ 
between 0.01 and 0.10. 

A direct comparison of the drag of the body of the present 
report with that of the Haack-Adams body is made on the 
basis of Ward's drag equation. From equation (3), the drag 
of the source distribution given by equation (15) is 

£p = k ahy ( Ai{ [cos -K-c)}>+2cj=? cos- 1 (-c)- 
(1 — c 1 ) } — 4AB(1 — c 2 )[c+ Vl — c 1 cos -1 (— c)]+ 

Y [(2-6c 2 )(l-c 2 )+2cVl-c 2 (2c 1 - 1) cos-H— c)+ 

(cos- 1 (— c)) 1 H-2(A+5c) s (l — c 2 ) log e [4(l+c)]) (22) 


TABLE I 

COEFFICIENTS OF EQUATIONS (20) AND (21) 


fiSf 

PA-A i-A&j 
(eq. (20)) 

(eq. (21)) 


At 

At 

Bt 

Bt 

a 10 

0.080572 

a 76164 

0.28804 

18.0291 

.09 

.064862 

.66864 

.21938 

18.1466 

.08 

.050946 

.67666 

.17631 

18.2780 

.07 

.038807 

.48644 

.13690 

18.4255 

.06 

.028390 

.39843 

.10121 

18.5919 

.05 

.019652 

.31338 

.071367 

18.7809 


.012664 

.23231 

.046443 

18.9973 

.03 

.0070607 

.16669 

.026023 

19. 2482 

.02 

.0031460 

.088843 

.012091 

19.6439 

.01 

.00079066 

.032849 

.0031002 

19.8886 


The drag of the Haack-Adams body is 


D 2P C A\l) 
pTP 7T Y Z 4 ’ 


-32 


v yv A(zm 

i 3 Ll z PA) 


(23) 


The form of equations (20), (21), and (22) indicates that 

is a function of P 2 p and p — — ^ In figure 2, the drag 

of the Haack-Adams body (eq. (23) ) and the drag given by 
equation (22) are plotted on a logarithmic scale for several 


values of P 


W) 


l To help orient the reader, several body 

m 


shapes are shown for 0=1, — =0.05. The drag given by 
equation (22) is somewhat less than that of the Haack- 
Adams body for most values of 0* yy Eor example, for 

P ^^=0.05 and p 2 p=0.01, which represents a fuselage- 

type shape, the body given by equation (16) has approxi- 
mately 7 K percent less drag than the Haack-Adams body. 

Each drag curve begins at a particular value of p ^>0; 

for a given value of p smaller values of p give rise 


W) 


to negative body areas. 

For a given value of ft the slope at the base of the 

body is positive for small values of p 2 -5 and is negative for 

large values. The two drag curves become nearly tangent 

V 

at intermediate values of p 2 for which the body slope at 

the base is near zero. Actually, the Haack-Adams body 
must have less drag for this condition since this body gives 
minimum drag for Ward's equation for the class of bodies 
which have zero slope at the base. 

V 

The value of p 2 for minimum drag is obtained, for a 

j?(D 

given value of P — 7“^ by equating B to zero in equations 

(17) and (18). This procedure gives the optimum body 
having a given length and base area. 

In figure 3 the body shape of the present report is com- 

T>(J\ 

pared with the Haack-Adams body for p —^=0.05 and 
V 

P ^3=0.003 and 0.02. The bodies are plotted to an expanded 

vertical scale (expanded 5 times) to illustrate the differences 
which for the most part are small. The most significant 

V 

difference occurs near the base for the larger values of p ^ 

where the body given by equation (16) does not exhibit the 
reflex shape of the afterbody characteristic of the Haack- 
Adams body. 

The effect of Mach number on body shape is illustrated in 
figure 4 where the optimum shapes (vertical scale enlarged 

2% times) for ^-^-=0.05 and ^-=0.02 are compared for 

M=V 2 and M=V5. The body shape of the present report 
exhibits a small dependence on Mach number, whereas the 
Haack-Adams body is independent of Mach number. 
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Figure 3. — Comparison of Haack-Adams body with that given by 
equation (22) for p^p-=0.05. 

CONCLUSIONS 

The problem of determining the shape of slender boattail 
bodies of revolution for minimum wave drag has been re- 
examined and the following conclusions are indicated: 

1 . Minimum solutions for Ward's drag equation can exist 
only for the restricted class of bodies for which the rate of 
change of cross-sectional area at the base is zero. 

2 , In order to eliminate this restriction, certain higher 
order terms must be retained in the drag equation and 
isoperimetric relations. However, higher order terms need 
not be retained in the calculation of drag and body shape 
from the source distribution. 



Axial coordinate, x/l 


Figure 4. — Effect of Mach number on body shape given by equation 
(22) forL=0.02 and £=^=0.05. 


3. Adams in NACA Technical Note 2550 correctly deter- 
mined the necessary conditions for a minimum for Ward’s 
drag equation. His interpretation of these conditions was 
that the optimum boattail body has zero rate of change of 
cross-sectional area at the base. However, the proper inter- 
pretation is that, if a minimum exists, it exists only for the 
restricted class of bodies having zero rate of change of cross- 
sectional area at the base. 

4. Application of the ideas expressed in conclusion 2 to 
the minimum problem of given length, volume, and base area 
led to body shapes which have slightly less drag than the 
Haack-Adams body. 

Langley Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley Field, Va., June 8 , 1956. 


APPENDIX A 

APPLICATION OF CALCULUS OF VARIATIONS TO WARD’S DRAG EQUATION 


In this appendix the calculus of variations is applied to 
Ward’s drag equation (eq. (3)) for a general type of isoperi- 
metric condition to determine the source strength for mini- 
mum drag when the source strength at the base f(l) is not 
specified at the outset. From equation (3), Ward’s drag 
equation is 

W = ~ IT I *-*!* 5 

2 /(z) £ m log. a-m-m io g . p cau 

The usual isoperimetric conditions considered may be related 
to the source strength by expressions of the form 

(A 2 ) 

For example, < 7 (£) = 1 for fixed base area and <7 (£) = (£— £) for 
fixed volume. In the subsequent analysis, it is assumed that 
one of the isoperimetric conditions is that of fixed base area. 
This assumption simplifies the analysis without restricting 
its generality. 


In the derivation of equation (Al-)-it is assumed that 

/( 0)=0 (A3) 

Equation (A3) gives one of the end-point conditions to be 
satisfied by the minimizing source distribution. At the other 
end point, x=l, the value oif(x) is not prescribed. 

The source distribution for minimum drag is obtained by 
considering the variation of the function 

X,/, (A4) 

where the Lagrange multipliers X* are determined from the 
isoperimetric conditions. The variation of equation (A 4 ) 
is obtained by considering the one-parameter family of com- 
parison functions (see ref. 9, for example) 

J(x) = F(x) + € 7 ? (x) (A 5 ) 

where F(x) is the function which minimizes equation (A 4 ), 
€ is the parameter of the family, and 77 (z) is an arbitrary func- 
tion within the condition 

CAB) 


i ?(0)=0 
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This condition arises since all the comparison functions must 
satisfy the same end-point condition as the minimizing func- 
tion. Since no end-point condition is prescribed at x~l , 
17 (Z) is arbitrary. 

From equations (A4) and (A5), «/is a function of e and the 
source strength for minimum drag is determined from the 
condition 

£L -°-r * [-IX‘ w ^ I •*] *+ 




(A7) 


where the equation has been simplified by several integra- 
tions by parts and use of equations (A3) and (A 6 ). 

Since equation (A7) must hold for all choices of 17 (f) con- 
sistent with equation (A 6 ), it must in particular hold for 


those choices of i?(f) for which y(l)= 0 . For such 17 (f), 
and from the basic lemma of the calculus of variations (ref. 8 ), 

(AS) 


d C l F(x)d 
dij 0 x — £ 


With this result, and for general 17(f) once again, that is, 17 (l) 
not necessarily equal to zero, the end-point condition ob- 
tained is that 

to[f«)log.|gi]-0 (A9) 

In order to satisfy this condition, F(l) must equal zero. Con- 
sequently, the body shapes which give a mathematical 
minimum for Ward's equation, if they exist, must have zero 
rate of change of cross-sectional area at the base. 


APPENDIX B 

APPLICATION OF CALCULUS OF VARIATIONS TO PARKER’S DRAG EQUATION 

The source distribution for minimum drag for the isoperimetric condition of given length, volume, and base area is ob- 
tained by considering the variation of the function 


J= 


4:irD 

IB* 


J \-\ 1 A(l) J r\ 2 V 


(Bl) 


where D, A(l ’), and V are given by equations ( 5 ), ( 8 ), and (9), respectively, and Ai and X 3 are Lagrange multipliers. By 
proceeding in the same manner as in appendix A, the variation of equation (Bl) is obtained by considering the one-parameter 
family of comparison functions. 

f(x)=F(x)+ ei 7 (x) (B 2 ) 

where F(x) is the function which minimizes equation (Bl), e is the parameter of the family, and i?(x) is an arbitrary function 
within the condition i 7 ( 0 )= 0 . 


The source strength for minimum drag is then determined from the condition 

F(x) V(Z-f) 2 -i3 2 l; 2 (T) 


dJ\ 

de 


vv-mm m 

where the equation has been simplified by several integrations by parts and use of the conditions 

F(0)= v (0)=0 

Since equation (B 3 ) must hold for all choices of 77 (f) consistent with 17 ( 0 )— 0 , it must in particular hold for those choices 
of 77 (f) for which t?[Z— £ ff(Z)]= 0 . For such 77 (f), 


ri-pBG) rf r ri 

X 


P(x) V(Z — g) a — 

and from the basic lemma of the calculus of variations, 






-DBW 


<k + [x 1+ | (Z-e]V(^-S) 3 -WZ)=iV 


(B4) 
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where N ia a constant. "With this result, and for general 
j/(£), the end-point condition is obtained as 

lim So r mt) mSMEJEEEM ^ 


[xi+| 


(B5) 


Since equation (B4) naust hold for all values of $, and in 
particular for £- »/— from equation (B5), N=0. Hence, 
V(Z— I)*— /3 *jB 2 (0 can he canceled from each term of equation 
(B4) and the following integral equation is obtained for the 
source strength: 


, EM <**• _Xa n _ t , 

Jo x-z^i-xy-pRV) 1 ?) 


CB6) 


The solution of equation (B6) satisfying the condition F{ 0) 
=0 is 


Tinm (B7) 

whero a and b are constants related to Xi and Xa. 
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